Abstract A boundary element (BE) method is developed to calculate the twodimensional P-SV elastic response for crustal wave guides with irregular topographic features. To simulate long-range propagation of regional waves, a connection technique is proposed to avoid large matrix inversions that become formidable for longrange, high-frequency problems. By using this technique, a long crustal wave guide can be divided into relatively shorter sections, and the BE method can be used section by section to model the effects of rough topography on wave propagation at extended regional distances. The validity of the technique is tested by comparison with a direct calculation. Numerical simulations with this scheme show that rough topography can scatter the P and Rayleigh waves and attenuate the energy propagating in the wave guide. This method can be used in computing the site effects on sites such as canyons, mountains, and valleys. The connection technique expands this method to deal with large earth models with irregular topography.
Introduction
Regional phases have long been recognized as an important issue in the study of large-scale crustal structures, small-scale crustal heterogeneities, seismic sources, and analysis of underground explosions and earthquakes. To improve path corrections and verify empirical observations, numerical simulations are needed to estimate the path effects on regional wave propagation. A number of regional numerical modeling methods have been developed to model Lg propagation behavior and path effects, depending on the complexity of the crust heterogeneity in the region considered. Finite-difference (FD) and finite-element (FE) methods are universal numerical techniques for simulation in general heterogeneous media. Because of the computational intensity, these full-waveform methods are often limited to low frequencies for Lg simulation at regional distances. To reduce computation time, some alternative and flexible approaches, for example, ray diagrams (Bostock and Kennett, 1990; Keers et al., 1996) and dynamic raytracing methods (Gibson and Campillo, 1994) , have been used to obtain intuitive understanding of path effects on Lg propagation. For long-range Lg-wave propagation, Wu et al. (1996 Wu et al. ( , 2000 introduced a half-space GSP (generalized screen propagator) for modeling the main characteristics of Lg (2D SH case) in heterogeneous crustal wave guides. The method was ex-*Present address: Institute of Geology and Geophysics, Chinese Academy of Sciences, P.O. Box 9825, Beijing 100029, People's Republic of China. lfu@mail.igcas.ac.cn tended to include the case of irregular surface topographies Based on observations and numerical experiments, large-scale crustal structures with variations in free surface and Moho topography control the principal characteristics of Lg propagation. In contrast to the FD and FE methods, the boundary integral methods are more suitable for modeling complex reflection and transmission effects across largescale crustal structures with rugged topography. For instance, the boundary element (BE) method provides a geometrically accurate description of irregular interfaces. Because the BE method is formulated in terms of integrals along boundaries, the traction-free condition for a rugged free surface is easily and naturally treated. However, for regional wave guides up to thousands of kilometers, the BE method in its original form leads to very large matrices to be inverted and its implementation is prohibitively expensive. In a previous paper (Fu and Wu, 2001 ), a SH-wavefield connection technique was developed by which the BE method can be used section by section for an event at farregional distance up to several thousand kilometers; the method takes the output of the previous section as the input of the next section to complete the entire crustal wave-guide computation. Full-wave BE modeling is implemented within each section. The wave-field connection technique is used to couple the fields calculated in two adjoining sections. The division of sections is based on the complexity of crustal structures with a criterion of minimizing the possible multiple backscattering between sections. This approach for long regional waveguides leads to significant computational savings in time and memory compared with the whole waveguide BE method. The section-by-section approach also leads to a hybrid modeling scheme of BE and GSP. The BE method is implemented in the frequency domain and has a kernel function compatible with the GSP method. In the hybrid scheme, the time-consuming BE method can be used to handle the sections with complicated boundary structures and severe surface topographies. Subsequently, the output will be used as the input to the GSP method for modeling sections with a large volume of moderately heterogeneous media and mild topographies. The hybrid method has been applied to two crustal wave-guide models from the Tibet region, one with Lg blockage and another without blockage (Fu and Wu, 2001) .
The object of this article is to develop a P-SV wavefield connection technique for simulating elastic wave propagation in regional crustal waveguides. We first introduce an integral equation representation for the crustal waveguide problems. We then briefly describe the principle of the elastic BE method and validate the computation programs using previously published results. We develop the P-SV wave-field connection technique and test it by using numerical experiments. Finally, we apply the section-by-section approach to Lg-propagation simulations in long regional wave guides.
Boundary Integral Equation for Crustal Wave Guide
Consider 2D steady-state elastic wave propagation in a simplified crustal wave guide X 1 bounded by a rough free surface C 1 and an irregular Moho interface C 2 . Figure 1 depicts the geometry of the problem. The wave-guide medium is isotropic and homogeneous, described by the Lame constants (k 1 and l 1 ) and density (q 1 ). The displacement vector u(r) at a location r(x, z) satisfies the following elastic wave equation:
where f(r, x) is the body force occupying a region X. u(r) also satisfies the traction-free boundary condition on C 1 and the continuity condition of displacement and traction across the Moho. The medium in the mantle X 2 is described by k 2 , l 2 , and q 2 . We add two artificial boundaries C ϱ at the two truncated edges of the wave guide to form a closed solution domain C ‫ס‬ C 1 ‫ם‬ C 2 ‫ם‬ C ϱ . Based on the representation theorem (Aki and Richards, 1980) , equation (1) can be transformed into the following integral formulation:
where t(r) is the traction vector, the coefficient C(r) generally depends on the local geometry at r, and G(r, rЈ) and R(r, rЈ) are the fundamental solutions (Green's tensors) for displacements and tractions, respectively. C(r), R(r, rЈ) and G(r, rЈ) are 2 ‫ן‬ 2 matrices for 2D problems. In this equation, r is the position of observation points and r is the position of scattering points. For simplicity, the source distribution consists of a point source at r 0 located inside X 1 . The source integral over X s in the right side of equation (2) can be reduced to
where f (x) is the source spectrum vector. The displacement Green's tensor G(r, rЈ) satisfies:
with the solution given by Morse and Feshbach (1953) . The traction Green's tensor R(r, rЈ) can be derived from G(r, rЈ) by using Hooke's law,
where I is the unit dyadic and G(r, rЈ)D is the transpose of DG(r, rЈ) with respect to the corresponding coordinates, see Wu (1989, Appendix) . For analytic expressions of G and R in an isotropic homogeneous elastic medium, these Green's tensors for 2D problems can be expressed as (Fu, 1996) :
where i, j ‫ס‬ 1, 2, n is the outward normal of the boundary C, and
The boundary integral representation for wave propagation naturally satisfies the Sommerfeld radiation boundary conditions that are imposed on the far-field behavior at infinity. No waves come back to X 1 through C ϱ , that is, the following integral on C ϱ for the interior problem vanishes:
For numerical calculations, truncating the wave guide is necessary and an infinite boundary element absorbing boundary technique (Fu and Wu, 2000) has to be applied to the elements at the truncating points on C 1 and C 2 . Considering equations (3) and (6), and applying the traction-free condition to the free surface C 1 , equation (2) for the interior problem in the crust (region X 1 ) is simplified to
Equation (7) is a starting point for numerical implementation for wave-propagation simulation. To solve u(r) and t(r) on C 2 we must build the corresponding boundary integral equation in X 2 . The following integral formulation can be established for r ʦ X 2 bounded by a closed surface C ‫ס‬ C 2 ‫ם‬ C ϱ :
Similarly, the integration over the transparent artificial boundary C ϱ vanishes for the interior problem, simplifying equation (8) as
Equations (8) and (9) provide a description of the field through the crustal wave guide, making possible the simultaneous evaluation of the unknowns [u(r) on C 1 and u(r) and t(r) on C 2 ] by using the continuity of displacement and traction across C 2 .
Boundary Element Method for Elastic Wave Simulation
The boundary integral representations described previously can be used to calculate the field at any point inside X 1 once u(r) and t(r) are known on the boundaries. We use the BE method to solve the values of u(r) and t(r) on the boundaries. We discretize C 1 into L 1 elements and N 1 nodes, and C 2 into L 2 elements and N 2 nodes. The total node number is N. By using the linear interpolation shape functions (n) in an element between the nodes I 1 and I 2 , the variables u(r) and t(r) are approximated by the linear combination of their node values over the element, for example (see Fig 1) :
where n and l denote the local coordinate and local node index of an element. Using the following Kronecker delta function notation relating the local node code l of an element to the global node code j
which can be further rewritten as Figure 2 . The horizontal and vertical amplitude responses by our method (dotted line) and SanchezSesma and Campillo (1991) (solid line) of a semicircular canyon topography to vertically incident P waves for various dimensionless frequencies g.
In this expression is the displacement vector on the free (1) u j surface C 1 and and are the displacement and traction
u t j j vectors on the Moho C 2 . The coefficient matrices ,
h h ij ij and , obtained by numerically integrating the product of (2) g ij the Green's tensors with interpolation shape functions over elements, denote a concentrated force generated at the jth scattering point on C and applied at the ith observation point. For i ‫ס‬ 1 to N, equation (14) can be further compacted as a matrix equation:
where F ‫ס‬ qG (r i , r 0 )f(x). Similarly, equation (9) for i ‫ס‬ 1 to N can be discretized and compacted as
where the coefficient matrices, H (2) and G
, are calculated by using the medium properties of the mantle X 2 . A simultaneous system of matrix equations (18) and (19) can be assembled by using the continuity of displacement and traction across C 2 ,
t ‫ס‬ ‫מ‬t by which the unknowns [u(r) on C 1 and u(r) and t(r) on C 2 ] can be found. These matrices in equations (18) and (19) are full with complex coefficients that are functions of frequency, material property, and geometry. The BE method described previously can be directly extended to complex geological structures with multiple regions (Fu, 1996) for explorationoriented seismic modeling. Alvarez-Rubio et al. (2004) applied the BE method to site effects assessment of laterally varying layered media. Because a large number of matrix operations are involved and the matrix for each frequency component must be inverted, the BE method is computationally intensive at high frequencies for far-regional wave guides. To improve computation speed, a frequency-dependant element dimension technique can be adopted in the program implementation (Fu and Mu, 1994) . Bouchon et al. (1995) suggested a threshold criterion approach to make the coefficient matrices sparser by removing very small entries in the BE coefficient matrices. An efficient modification to the BE method can be made using the section-by-section approach with the wave-field connection technique developed in this study.
The computation program of the elastic wave BE method described previously is tested by dimensionless frequency responses of a semicircular canyon of radius a. Previously published results (Sánchez-Sesma et al., 1985; Sánchez-Sesma and Campillo, 1991) for this typical topographic structure are used for comparison. The two sharp edges at x ‫ס‬ ‫ע‬a provide a crucial target to validate various numerical methods. Figure 2 shows the comparison with good agreement in both horizontal and vertical amplitudes between our results (solid lines) and the Sánchez-Sesma and Campillo's solutions for vertically incident plane P waves and for various normalized frequencies g defined as g ‫ס‬ 2a / l , where l is the wavelength. Poisson's ratio is assumed to be 1/3. We can see some minor departures because of different element approximations used by these two numerical methods. Fewer elements per wavelength will reduce the size of the resultant coefficient matrices. To determine an applicable element number per wavelength, the comparisons for 0Њ Incidence and g ‫ס‬ 1.0 are given in Figure 3 for different discretization rates of points per wavelength to discretize the arc of the semicircular canyon. We see that a sampling at three points per wavelength could be used for general applications.
The preceding comparisons confirm the validity of our formulation and computation code. Later we will use this method to validate the connection technique for a larger model. We now demonstrate the applicability of our program by synthesizing wave propagation through a single- Figure 3 . The horizontal and vertical amplitude responses of a semicircular canyon topography to vertically incident P waves for g ‫ס‬ 1.0 with the solid lines denoting the solutions with 21 points per wave length and the dots denoting the specified sampling rates. Figure 4 . A single-layer flat crustal wave guide with an explosive source at 2 km depth. The waves generated in the wave guide are grouped into three systems: the first directly from the source to the receivers (solid line), the second off the free surface (dashed line), and the third off the Moho (dotted line).
layer crustal wave guide with flat free surface. The homogeneous wave guide shown in Figure 4 is 100 km long and 32 km thick, overlaying a flat mantle half-space. The point source (P-wave explosive source) is located on the left boundary at 2.0 km depth. Figure 5 shows the synthetic seismograms calculated in the frequency range of 0-4.5 Hz, with receivers at 1-km spacing along a vertical profile at the distance of 80 km from the source. We see that for elastic wave propagation this simple wave guide with both the flat topography and flat Moho leads to complex superposition of various waves, demonstrating the development of converted waves and the formation of guided waves as repetitive reflections at both the free surface and Moho. In terms of propagation paths (see Fig. 4 ), we can identify three major systems of waves generated in the wave guide. As shown in Figure 5 , the direct P wave from the source to receivers carries a major part of the source energy in this flat boundary wave guide. The P-wave incident on the free surface and the Moho at oblique angles generates two systems of waves, one set off the free surface and another set off the Moho. These two systems of waves and their converted waves bounce back and forth between the free surface and the Moho. Because no scattering mechanism is present in the wave guide, the constructive interference of the repeatedly reflected waves presents a checkerboard-like pattern (Jih, 1996) that adequately explains the formation of crustal guided waves either as multiple reflections or as higher modes. 
P-SV Wave-Field Connection Technique
We aim to develop a section-by-section approach for simulating wave propagation in regional wave guides to reduce the computation cost of extremely large matrix operations. The wave-field connection technique couples the fields between two adjacent sections. The connection configuration is illustrated in Figure 6a . An artificial boundary C ABЈ is introduced as a wave-field connection boundary to a crustal wave guide consisting of an irregular free surface C 1 and an interface C 2 . The wave guide is divided into four subdomains, X 1 and X 2 in the crust, and and in the XЈ XЈ l 2 mantle. The left boundaries of the first section X 1 and , XЈ l and the right boundaries of the second section X 2 and XЈ 2 are assumed to extend to infinity at left and right, respectively. The fields in X 1 and are calculated from the source XЈ l using boundary element method and the output wave field u 0 (r) on the connection boundary C ABЈ will be used to satisfy the boundary condition across C ABЈ when the BE method is used to calculate wave propagation in X 2 and . The output XЈ 2 fields are received along the next connection interface C CDЈ and will be used as the input to the next propagation. With the initial field u 0 (r) known on the connection boundary C ABЈ , we analyze wave propagation in X 2 and by building XЈ 2 boundary integral equations for wave propagation in these sections. Apparently, all the space points in X 2 and ex-XЈ 2 cept those on C ABЈ only receive the scattered field. Therefore, the total field u(r) on the boundaries of X 2 and is com-XЈ 2 posed of
Applying the traction-free condition to the free surface C 1 , the boundary integral equation can be built for r ʦ X 2 and r C ABЈ
C(r)u (r) ‫ם‬ R(r, rЈ)u (rЈ)drЈ
s s
The artificial boundaries C AB and C CD are assumed to be transparent, implying the outward radiation of energy across C AB and C CD always should be in the outward direction with no reflection returning to X 2 . Therefore, there is no energy contribution scattering from C AB and C CD , that is,
Scattering from the artificial truncated points, A, B, C, and D, can be handled by using an infinite-element absorbing boundary technique (Fu and Wu, 2000) . Therefore, equation (22) In equation (25), both the initial displacement and traction on the connection boundary are assumed to be known. u 0 (r) can be calculated from the previous section, and incident traction t 0 (r) can also be calculated from the previous section. Alternatively, we can use the elastic Rayleigh integrals (Wu, 1989) , which contain only either the displacement or the traction field. We can reduce the surface integral in the right side of equation (25) to the elastic wave Rayleigh integral that only contains the initial displacement u 0 (r):
We see that the unknowns in equation (26) are u s (r) on C 1 and u s (r) and t s (r) on C 2 . To solve for u s (r) and t s (r), we must build the corresponding boundary integral equation in subdomain :
where a sufficiently long boundary C BBЈ is used with its end set as an infinite element. Similarly, because there is no dis-continuity across C BBЈ and C DDЈ , we can assume that C BBЈ and C DDЈ are transparent and reduce equation (27) to
The integration term containing the initial traction t 0 (r) in the right side of equation (28) can be removed by using the elastic wave Rayleigh integral representation, yielding
The continuity of the displacement and traction across interface C BD is used when equations (26) and (29) are combined to solve the problem. By solving the joint boundary integral equations of X 2 and , we can obtain the wave XЈ 2 fields u s (r) on C 1 , u s (r) and t s (r) on C 2 . The observed field along C CDЈ is calculated explicitly from the fields on the boundaries.
Similar to equations (18) and (19), equations (26) and (29) can be expressed in the matrix form
and
with the continuous condition across C 2
t ‫ס‬ ‫מ‬t By using this technique, wave propagation in a long regional wave guide can be partitioned into several section contributions for great saving in both CPU time and memory. For example, if we divide a large model into N sections, we can reduce the size of matrix by N times. Thus the total compute time will be reduced by N * (1/N) 3 ‫ס‬ 1/N 2 times.
Validation for P-SV Connection Technique
To validate the connection technique, we present a comparison between the wave field obtained by using the BE method to directly calculate wave propagation from the source to the observation surface C CDЈ and the wave field calculated by the connection scheme (Fig. 6) . In both cases the source time functions are the same, with a dominant frequency of 1 Hz. First the intermediate wave field u 0 (r) on C ABЈ (shown in Fig. 6b ) calculated from the source is used as the incident field for wave propagation in X 2 and . The XЈ 2 dominant arrivals for the incident field at C ABЈ consist of direct P wave, pS, pP, and multireflection between the two layers. Then the BE method is used to calculate wave propagation from C ABЈ to C CDЈ . More multiply reflected waves between the free surface and the interface can be clearly seen in the seismograms at C CDЈ . The excellent agreement between the wave field calculated by the two methods shown in Figure 6c and 6d confirms the validity of the connection technique.
Although this model is only designed to test the validity of the connection technique, we can see computation savings. For a single-processor Pentium IV 2.0 Hz computer, it takes about 2 hr to calculate the wave field along C CDЈ directly from the source, whereas it takes only 45 min to compute the wave field along C CDЈ with the connection technique. The memory requirement is also reduced by four times.
Numerical Examples and Applications
In this section, we use the BE connection technique given previously to simulate the wave fields for several models with rough topographies. The first model shown in the top panel of Figure 7 is a two-layer crustal model with an irregular topography. There are two discontinuous interfaces located at the depths of 15 km and 37 km, respectively, with the properties listed in Table 1 . The correlation length of the topographic fluctuation is 5 km and the root-mean-square amplitude is 0.5 km. The receivers are along the surface. An explosive source is located at the depth of 2 km, and the source time function is a Ricker wavelet with a dominant frequency of 1 Hz. Figure 7 shows the synthetic seismogram received along the rough surface. Comparing with the wave fields (Fig. 8) for the model with a flat surface, we can see that the amplitudes of the direct P and Rayleigh waves are diminished because of the scattering effects of the rough topography. Both the forward-scattering and backwardscattering waves can be seen in Figure 7 .
The top panel of Figure 9 shows four different topographic curves used with the crustal model of Figure 7 . The synthetic seismograms are calculated for the exponential and Gaussian random topographies, respectively, with each including two rms amplitudes of 0.5 km and 0.25 km. The energy attenuation curves corresponding to these topographies are calculated with increasing propagation distance and are shown in the lower panel of Figure 9 . These energy attenuation curves manifest different degrees of topographyscattering attenuation. We can see that the exponential topographies lead to more effective energy attenuation than Gaussian topographies, and also the larger the topographic fluctuation is, the stronger is the topographic scattering. Next we apply the connection technique to regional wave propagation simulations in another synthetic model. As shown in Figure 10a , the model is a laterally varying crustal wave guide, 600 km long and 32 km thick, overlaying a mantle half-space. The model is divided into three 200-km-long segments. The first segment contains a Gaussian hill which is given by
where x 0 ‫ס‬ 62 km, h 0 ‫ס‬ 4 km, r ‫ס‬ 9.129 km. The second segment presents a thinned wave guide with the 7-km-high step. The third segment contains an exponential random topography with correlation length of 5 km and rms height of 0.6 km. The point source is located at 8 km depth. The receivers are along both the free surface and vertical profiles that slice these wave guides. The synthetic seismograms are calculated for the frequency range of 0-2.5 Hz. We first compute wave propagation from the source to produce the Figure 9 . Energy attenuation for earth models with different topographies. On the top are the topographies used in our calculation, the thick solid line is a Gaussian random topography with a rms of 0.5 km, the thin solid line is a Gaussian random topography with a rms of 0.25 km, the thick dashed line is exponential random topography with rms 0.5 km, and the thin dashed line is exponential random topography with rms 0.25 km, while the reference model (flat surface) is shown by the dotted line. On the bottom are the energy attenuation curves for the whole time window, the lines have the same meaning as those in the top figure. incident wave field on the first connection boundary C 1 shown in Figure 10b , where the multiply reflected waves, converted waves, head waves, and Rayleigh waves can all be clearly seen. Subsequently the BE method is used to calculate wave propagation in the second section and obtain the wave field on the second connection boundary C 2 shown in Figure 10c . Finally, we use the wave field on C 2 as the incident field and calculate the wave field in the third section. Figure 10d shows the horizontal wave field on C 3 , where the scattering effect of the random topography is obvious in that the Rayleigh waves are mostly scattered and some coda waves appear. The wave fields received, respectively, along the free surfaces of the three sections are put together and shown in Figure 10e . Figure 10f is the energy distribution curve along the entire free surface, where a relatively low energy appears around the hill and the attenuation curve varies dramatically along the random topography. The topography has a great effect on the energy attenuation in the wave guide. 
Conclusion and Discussions
We present the boundary element method for the 2D P-SV elastic wave problem. To model the effects of irregular topography on regional wave propagation, we further developed a connection technique to simulate long-range wave propagation section by section. Numerical comparisons with independent methods indicated that the presented method including the connection technique is accurate for regional wave simulation. Numerical results show that irregular topography can attenuate the total wave energy propagating in the crustal waveguide.
The boundary element method can be used in computing the site effects on sites such as canyons, mountains, and valleys. The connection technique expands this method to deal with large earth models with irregular topography.
To extend the boundary element method to 3D case, several changes have to be made. First, the Green's function of displacement and tractions of the 3D case should be used. Second, because the singularity of the 3D Green's function is 1/r and 1/r 2 while in 2D case those are 1/r 1/2 and 1/r, the integral should be treated more carefully. Third, the size of matrices to solve the problems will be squared to the 2D case, because this method includes the matrix inversion, the requirement of memory and computation time will be enlarged. Extension to 3D cases will be conducted in the future.
